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A B S T R A C T  

A s  a  r e s u l t  of mutual  c o l l i s i o n s  t h a t  a r e  f r e q u e n t  

on a  g e o l o g i c  t ime  s c a l e  the mass d i s t r i b u t i o n  of a s t e r o i d s  

undergoes c o n s t a n t  change. None the less ,  f o r  an a r b i t r a r y  r a n g e  

of a s t e r o i d  masses t h e  d i s t r i b u t i o n  can  b e  f a i t h f u l l y  r e p r e s e n t e d  

by t h e  s o l u t i o n  of a  s t e a d y  s t a t e  approximat ion  of t h e  s t o c h a s t i c  

e q u a t i o n  t h a t  d e s c r i b e s  the e v o l u t i o n  of  t h e  a s t e r o i d  p o p u l a t i o n .  

For such a mass range  a  power law w i t h  index  % l l / 6 ,  o b t a i n e d  

e a r l i e r  by t h e  wr i te r ,  i s  shown t o  b e  t h e  on ly  t e r m  l e f t  of  a 

convergen t  power s e r i e s  expans ion s o l v i n g  t h e  s t e a d y  s t a t e  e q u a t i o n ,  

and i s  t h e r e f o r e  unique .  The approximate  s t e a d y  s t a t e  s o l u t i o n  

f a i l s  f o r  t h e  l a r g e s t  a s t e r o i d s :  t h e s e  a r e  broken up by coLLis ions  

w i t h o u t  b e i n g  r e p l e n i s h e d ,  For  a s t e r o i d s  i n  t h i s  mass range  an  

approximate time dependent s o l u t i o n  i s  o b t a i n e d ,  which a s y m p t o t i c a l l y  

approaches the s o l u t i o n  valid f o r  t h e  lower mass range, T h i s  t ime 

Z dependent s o l u t i o n  i s  sens i t iv ;pe  to t h e  c o m i n u t j . ~ n  Law for G O I ~ ~ S L O ~ ~ ~  
IJ) 
-* 

e f y - ; ~ e ; . t ~ t ~ ~ ~ ~ r ,  w l l i c l n  i s  here c;ss1a3zied to be similar to that derived From 
u7 * - 



l a b o r a t o r y  e x p e r i m e n t s  w i t h  s e m i - i n f i n i t e  b a s a l t  targets, 

impac ted  by h i g h  v e l o c i t y  p r o j e c t i l e s .  The good ag reemen t  

of t h e  t h e o r e t i c a l  p r e d i c t i o n s  w i t h  o b s e r v a t i o n s  i n  t h e  

a c c e s s i b l e  mass r a n g e  l e n d s  c o n f i d e n c e  i n  t h e  v a l i d i t y  o f  

t h e  s t o c h a s t i c  model .  The c o s m o l o g i c a l  i m p l i c a t i o n  i s  t h a t  

t h e  p r e s e n t  d i s t r i b u t i o n  o f  a s t e r o i d s  i s  n o t  l i k e l y  t o  r e v e a l  

much a b o u t  t h e  o r i g i n a l  d i s t r i b u t i o n ,  s i n c e  t h e  l a t t e r  h a s  b e e n  

a l t e r e d  beyond r e c o g n i t i o n  by t h e  f r e q u e n t  o c c u r r e n c e  o f  random 

i n e l a s t i c  c o l l i s i  ~ n s  . 
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1 . 0  INTRODUCTION 

T h i s  p a p e r  i s  t h e  c o n t i n u a t i o n  o f  a  s t u d y  

under taken by t h e  w r i t e r ,  i n  an e f f o r t  t o  model some o f  

t h e  p h y s i c a l  p r o c e s s e s  t h a t  have g i v e n  rise t o  t h e  obse rved  

s i z e  d i s t r i b u t i o n  o f  s t r a y  b o d i e s  i n  t h e  a s t e r o i d a l  b e l t .  

I n t e r e s t  i n  t h i s  problem i s  due t o  a  d e s i r e  t o  g a i n  i n s i g h t  

i n t o  t h e  o r i g i n  o f  a s t e r o i d s  and t o  estimate t h e i r  d i s t r i b u t i o n  

i n  s i z e  r anges  t o o  s m a l l  t o  be  t e l e s c o p i c a l l y  observed,  

I n  a  p r e v i o u s  s t u d y  (Dohnanyi, 1 9 6 9 ) ,  which w i l l  

be r e f e r r e d  t o  a s  D - I ,  a  s t o c h a s t i c  model o f  a s t e r o i d a l  

c o l l i s i o n s  was fo rmula ted  i n  t h e  form o f  a  d i f f e r e n t i a l  e q u a t i o n  

d e f i n i n g  t h e  r a t e  a t  which t h e  number d e n s i t y  o f  a s t e r o i d s ,  i n  

a  g iven mass r a n g e ,  changes i n  t ime  because  of i n e l a s t i c  

c o l l i s i o n s ,  which break up some o b j e c t s  b u t  c r e a t e  many c o l l i -  

s i o n a l  fragsnents.  D - I  i s  t h e r e f o r e  seen  t o  be more d e t a i l e d  

t h a n  e a r l i e r  p a r t i c l e s - i n - t h e - b o x  c a l c u l a t i o n s  (sf J o n e s ,  1968; 

P i o t r o w s k i ,  1 9 5 1 3 ) ~  which d i d  n o t  i n c l u d e  t h e  f ragmenta t ion  

process, D - 1  i s  f u r t h e r m o r e  complementary to s t u d i e s  of the 

s t a t i s t i c s  of as t e ro ida l  o r b i t s  (see W e t h e r i l l ,  1 9 6 9 ,  for review 



and r e f e r e n c e s )  as well as s t a t i s t i c a l  s t u d i e s  based on t h e  

astronomy of i n d i v i d u a l  a s t e r o i d s  (Anders ,  $965, Hartmann 

and Hartmann, 1 9 6 8 ) .  

A p a r t i c u l a r  s o l u t i o n  t o  t h e  a s t e r o i d a l  number 

d e n s i t y  was o b t a i n e d  i n  D - I .  T h i s  s o l u t i o n  i s  v a l i d  f o r  

a s t e r o i d s  whose masses a r e  f a r  away from t h e  l i m i t i n g  l a r g e s t  

and s m a l l e s t  masses o f  t h e  d i s t r i b u t i o n ,  p rov ided  t h a t  t h e  pop- 

u l a t i o n  of  a s t e r o i d s  h a s  r eached  a  s t e a d y  s t a t e  d i s t r i b u t i o n  

under t h e  a c t i o n  of mutual  c o l l i s i o n s .  T h i s  s o l u t i o n  has  t h e  

s imple  form of 

f ( m )  dm = ~ m - a  dm, a 2 l1 /6  (1.1) 

where f (m)dm i s  t h e  number of  a s t e r o i d s  p e r  u n i t  volume hav ing  

masses i n  t h e  range  o f  m t o  m + dm. 

I n  t h i s  p a p e r  w e  have made a  s l i g h t  change i n  t h e  

mathemat ica l  modeling of t h e  f r a g m e n t a t i o n  p r o c e s s  ( D - I ) ,  which 

r e s u l t s  i n  an improved p h y s i c a l  model and s i m p l e r  mathematics .  

We t h e n  d i s c u s s  some of t h e  asympto t i c  p r o p e r t i e s  f o r  long  

t imes  i n  t h e  model, and show t h a t  e q .  1.1 i s  t h e  on ly  s t e a d y  

s t a t e  s o l u t i o n  expandable  i n  a  power s e r i e s  i n  m f a r  away 

from t h e  l i m i t i n g  masses of  t h e  d i s t r i b u t i o n .  W e  consequen t ly  

o b t a i n  an approximate s o l u t i o n  f o r  t h e  d i s t r i b u t i o n  of  l a r g e  

a s t e r o i d s  w i t h  masses n e a r  t h e  l i m i t i n g  L a r g e s t  mass of t h e  

population, 

2,0 OBSERVATIONAL EVIDENCE 

The observationaL material on asteroids w e  sltall  

discuss i s  presented i n  F i g ,  1, P l o t t e d  in this f i g u r e  are the 



cumulative number of observed a s t e r o i d s  ( s o l i d  h i s t o g r z ~ ~ j  us 

w e l l  a s  t h e  p robab le  t r u e  number of  a s t e r o i d s  ( d a s h e d - l i n e  

h i s t o g r a m )  v e r s u s  a b s o l u t e  pho tograph ic  magnitude g ,  a s  g i v e n  

by Kuiper  e t  a 1  ( 1 9 5 8 ) .  The curve  of  Kuiper e t  a 1  i s  complete 

up t o  g = 9.5;  i . e . ,  t h e  obse rved  number of  t h e s e  o b j e c t s  i s  

b e l i e v e d  t o  e q u a l  t h e  t r u e  number. Above g  ; 9.5  t h e  d i f f e r e n c e  

between t h e  t r u e  and t h e  observed number of a s t e r o i d s  b e g i n s  

t o  i n c r e a s e  owing t o  s e l e c t i o n  e f f e c t s .  The d a s h e d - l i n e  

h i s togram i s  t h e  p r o b a b l e  number of a s t e r o i d s  de termined by 

us ing  t h e  "comple teness"  f a c t o r s  of  Kuiper  e t  a 1  ( 1 9 5 8 ) .  

These a u t h o r s  have t a b u l a t e d  t h e  maximum and minimum p r o b a b l e  

numbers of a s t e r o i d s , a n d  t h e  dashed- l ine  h i s togram i n  F i g u r e  1 

i s  t h e i r  mean. A mass s c a l e ,  based  on a  m a t e r i a l  d e n s i t y  of 

3 3.5 x 10 ~ g / r n ~  f o r  s p h e r i c a l  a s t e r o i d s  w i t h  an a l b e d o  of  . 2  

( D - I ) ,  g i v e s  a  nominal r e l a t i o n  between t h e  mass m ( K g )  and 

a b s o l u t e  pho tograph ic  magnitude:  

loglOm = 22.67 - 0.6g.  

T h i s  mass s c a l e  i s  a l s o  i n d i c a t e d  i n  F i g .  1. 

The s o l i d  cu rve  i n  F i g .  1 i s  t h e  cumula t ive  number 

N (M) of a s t e r o i d s  h e a v i e r  t h a n  M, 

N (M) = f  (m) dm. 

a s  a  f u n c t i o n  of mass M (or g) o b t a i n e d  i n  D - I .  I n  t h a t  p a p e r  

w e  took Mm - 1.86 x K g  co r respond ing  t o  g = 4 and 

f ( ~ ~ )  = 2-59 x 1016n,-1.837a (2 , ? I  



The exponent  on m was obtained theoretically and the numerical 

( n o r m a l i z a t i o n )  f a c t o r  i s  e m p i r i c a l ,  I t  can be  s e e n  from 

F i g u r e  1 t h a t  t h e r e  i s  c l o s e  agreement  between t h e o r y  and 

exper iment .  

The t h e o r e t i c a l  formula  (eq .  2.3) was d e r i v e d  o n l y  

f o r  masses m 

m < < M a ,  o r  g  > >  4 

where Moo i s  t h e  l a r g e s t  mass p r e s e n t .  Fur thermore , .  t h e  

uniqueness  of t h e  r e s u l t  of Eq 2.3 was n o t  examined,nor was 

t h e  e f f e c t  on t h e  a s t e r o i d a l  p o p u l a t i o n  of t h e  d e p l e t i o n  

of  l a r g e  a s t e r o i d s  by c o l l i s i o n s  ana lyzed  q u a n t i t a t i v e l y .  

The purpose  of  t h e  p r e s e n t  s t u d y  i s ,  t h e r e f o r e ,  t o  examine 

t h e  uniqueness  of Eq. 2.3 a s  w e l l  a s  t h e  a p p l i c a b i l i t y  of  t h i s  

e q u a t i o n  t o  t h e  d i s t r i b u t i o n  of  l a r g e  a s t e r o i d s .  

3.0 COLLISEONAL MODEL 

3 .1  C o l l i s i o n  Equat ion  

The a s t e r o i d  b e l t  c o n t a i n s  o v e r  1 ,600 c a t a l o g u e d  

a s t e r o i d s ;  it i s  g e n e r a l l y  assumed t h a t  it  c o n t a i n s  many more 

s m a l l e r  ones  t h a t  canno t  o r  have n o t  been t e l e s c o p i c a l l y  

d e t e c t e d  because  t h e y  a r e  n o t  b r i g h t  enough. I t  has  been 

e s t i m a t e d  (See e,g,, P i o t r o w s k i ,  1953) t h a t  c o l l i s i o n s  between 

a s t e r o i d s  must be f r e q u e n t ,  when measured on an a s t r o n o m i c a l  

t i m e ;  sca le ,  

Collisions between asteroids must  undoubtedly  a f f e c t  

t h e i r  mass d i s t r l b u t i o n .  In older Lo see how t h i s  o c c u r s ,  



one may ravjarci t-tiern as ~?aolecu%es i n  a bow and then a%sc khe 

methods of k i n e t i c  theory of gases i n s o f a r  as they apply,  

T h i s  has  been d i s c u s s e d  i n  B - I ,  where an  e q u a t i o n  was d e r i v e d  

f o r  t h e  number d e n s i t y  o f  a s t e r o i d s  a s  t h e i r  p o p u l a t i o n  e v o l v e s  

under  t h e  i n f l u e n c e  o f  c o l l i s i o n s .  

L e t  f ( m ,  t)dm be t h e  number d e n s i t y  p e r  u n i t  v o l m e  

of space s f  a s t e r o i d s  hav ing  a  mass i n  t h e  range  m ts rn + dm a t  

a  t i m e  t ,  Assuming uni form s p a t i a l  d i s t r i b u t i o n  w i t h i n  t h e  

a s t e r o i d  b e l t ,  i t  can be shown t h a t  t h e  i n f l u e n c e  of c o l l i s i o n s  

on t h e  numtjer d e n s i t y  f (m, t) can  be  e x p r e s s e d  a s  t h e  stun 

( 3 .  b) 
c a t a s t r o p h i c  
cnl l i e i  PPS 

where a f / a t  i s  t h ~  .rake a t  which t h e  n u d e r  densit17 of the 

as teroids  changes because o f  c o l l i s i o n s .  

The f i rs t  t e r m  on t h e  r i g h t  hand s i d e  s f  t h i s  e q u a t i o n  

i s  t h e  c o n t r i b u t i o n  of t h e  e r o s i v e  r e d u c t i o n  i n  t h e  p a r t i c l e  

masses, W e  define erosive c o l l i s i o n s  as c o l l i s i o n s  where the  

small  projectile particle is too s m a l l  t o  e a t a s t r o p h i e a l % y  

d i s r ~ x p t  t h e  larger t a rge t  o b j e c t ,  The r e s u l t  of such a e s l l i s i o n ~  

is t h e n  t h e  removal o f  some mass from t h e  t a r g e t  o b j e c t  by 

c ra t e r i  ng, 

I The weuc>rrd t e a m  on the r i g h t  harail side o f  E:y 5 - 7  

i s  the reduc:tion r a t e  due to catas t rophic  collisions in which, 

111 l a d ~ i t i e ~ r r  a t )  ~i ~ ~ d i t ~ r  dL k r i e  s a t 2  <of I X ~ I ~ ~ C L  by s-i:tdi - 

jeer i le ,  a spa11 l i., detached from the opposite side o f  the l au-g-er 



target object, This definition is more detailed than that 

used in D - I  and reflects new information on this process 

provided by recent experiments (Gault and Wedekind, 1969). 

The last term on the right hand side of Eq. 2.1 denotes 

the contribution of particle creation by the fragmentation 

of larger objects; it is the number of fragments in a mass 

range m to m + dm created per unit volume and unit time by 

both the erosive and catastrophic fragmentation of larger 

colliding objects. 

3.2 Simplified Model for Fragmentation 

We shall derive here an explicit expression for the 

te.rm af/atcreation in Eq. 3.1. We shall revise slightly the 

earlier physical model, employed in D - I ,  and obtain a simpler 

mathematical formulation. 

Using experimental results by Gault et a1 (1963), 

the following crushing law for the mass distribution of fragments 

produced during impact was assumed in D - I .  

g ( m ; ~ , ~ ~ ) d m  = c(~,~~)m-'dm (3.2) 

where g(m;M M )dm is the number of fragments in the mass range ' -2 

m to m + dm produced when a projectile of mass M impacts a larger 

target mass M2. For n = constant < 2 and from mass conservation 

during collisions it follows that 

C f M , M 2 )  = (2-0) MeMb ri-2 ( 3  -31 

where , is the t o t a l  e j c t c d  mass and Mh is the 1 irniti f -1~4 ~ ~ 3 5 s  

o f  the largest f r a q m e n t ,  



In D-I we assumed that Mb is proportional to the mass 

of t h e  p r o j e c t i l e  p a r t i c l e .  W e  now assume, more c o r r e c t l y ,  

t h a t  Mb i s  p r o p o r t i o n a l  i n  c a t a s t r o p h i c  c o l l i s i o n s  t o  t h e  mass 

M 2  of  t h e  l a r g e r  c o l l i d i n g  o b j e c t  and i n  e r o s i v e  c o l l i s i o n s  

t o  t h e  t o t a l  e j e c t e d  mass produced d u r i n g  impact .  

Mb = M,/he ( e r o s i v e  c o l l i s i o n s )  ( 3 . 4 )  

Mb = M 2 / h  ( c a t a s t r o p h i c  c o l l i s i o n s )  

where h and h e  a r e  c o n s t a n t s  t o  b e  de termined by exper iment .  

I n  terms of t h e  n o t a t i o n  of D-I, 

'e = r/A ( 3 . 4 a )  

where r i s  t h e  t o t a l  mass of  f ragments  c r a t e r e d  o u t  by a  

p r o j e c t i l e  w i t h  u n i t  mass and A i s  a  c o n s t a n t .  

The comminution law, E q .  3 .2 ,  i s  based on exper iments  

by G a u l t ,  e t  a l . ,  (1963) who f i r e d  h i g h - v e l o c i t y  p r o j e c t i l e s  

i n t o  e f f e c t i v e l y  s e m i - i n f i n i t e  b l o c k s  of b a s a l t .  They found 

a v a l u e  f o r  0 of  approximate ly  1 . 8  - + 0 . 1  and t h e r e f o r e  t h e  approximate  

form of  C ( M , M 2 )  i n  E q .  3 .3  f o r  n r 2  i s  j u s t i f i e d .  

More r e c e n t l y ,  G a u l t  and Wedekind (1969) f i r e d  h i g h  

v e l o c i t y  p r o j e c t i l e s  i n t o  " f i n i t e "  g l a s s  s p h e r e s .  They found 

t h a t  t h e  r e s u l t i n g  f ragments ,  i n c l u d i n g  t h e  " c o r e "  were d i s -  

t r i b u t e d  a c c o r d i n g  t o  r~ 1 . 7 ,  Whi le  g l a s s  has  g e n e r a l l y  d i f -  

ferent properties from basalt, it is i n t e r e s t i n g  to note t h a t  t h e  

high v e l o c i t y  impact experiments with ef f -ec t ive ly  seml-infinite 

glass targets, reported in the same paper, yrelded a v a l u e  of 

"v 
71 , 1 - 8 ,  just lxke basalt, 



These a u t h o r s  a l s o  found t h a t  a t  a c e r t a i n  t h r e s h o l d  

impact  ene rgy ,  a  s p a l l  f ragment  was formed and " e j e c t e d "  i n  

a d d i t i o n  t o  t h e  o r d i n a r y ,  e r o s i v e ,  c r a t e r i n g  p r o c e s s .  Such a  

s p a l l  forms a t  t h e  s u r f a c e  of t h e  s p h e r e  o p p o s i t e  t h e  p o i n t  of  

impact ,  above t h e  t h r e s h o l d  of an obse rved  impact  energy of 

abou t  l o 6  erg/gram f o r  s i n g l e - p i e c e  g l a s s  s p h e r e s .  

W e  now proceed w i t h  t h e  d e r i v a t i o n  of o u r  f r a g m e n t a t i o n  

model. The number of  c o l l i s i o n s  p e r  u n i t  volume o f  s p a c e  and 

2 u n i t  t i m e ,  6 n  between s p h e r i c a l  p a r t i c l e s  w i t h  masses i n  t h e  

range  M t o  M1 + dM1 and H t o  M2 + dM2 i s  ( c f . ,  Dohnanyi 1969)  : 1 2  

where 

K = ( 3 ~ ~ / ~ / 4 ~ )  2 / 3 ~  ( 3 . 6 )  

1/3  
w i t h  t h e  e f f e c t i v e  encoun te r  v e l o c i t y .  K (M1 

1 /3)  2 is 
+ M2 

t h e  p r o d u c t  of t h e  g e o m e t r i c a l  c o l l i s i o n  c r o s s  s e c t i o n  of two 

s p h e r i c a l  p a r t i c l e s  w i t h  masses Ml and M2 and t h e i r  e n c o u n t e r  

v e l o c i t y ,  

The t o t a l  e j e c t e d  mass Me when two o b j e c t s  w i t h  masses 

Ml and PI2 c o l l i d e  c a t a s t r o p h i c a l l y ,  i s  

M e = H  1 + M 2 .  

Combining t h i s  w i t h  E g .  3.2 - 3.4 and 3 , 5 ,  we o b t a i n  

e r  of f ragments  i n  a  mass range  m t o  m + d m  c r e a t e d  

p e r  un i t  time and volume by c a t a s t r o p h i c  c o l l i s i o n s  between 

masses i n  t h e  rancjp El 1 to MI + d M l  a n d  E n 2  to M2 + dEq2 ( w i t h  M 2 > M I )  . 



This i s :  

and ho lds  f o r  

- 
M 2  m < - X 

s i n c e  m cannot exceed t h e  mass of t h e  l a r g e s t  fragment produced 

by t h e  c a t a s t r o p h i c  c o l l i s i o n  of M1 wi th  M 2 .  ( c f  E q .  2 . 4 )  . 
I n t e g r a t i n g  express ion  3 . 8  over  a l l  pe rmis s ib l e  

masses M 2  and M l ,  we o b t a i n  t h e  p o s i t i v e  c o n t r i b u t i o n  of 

f ragmentat ion t o  a f / a t :  

M 

a f  ( m ,  t) 
= K ( 2 - q )  X 2-rl m-rl 

dM2 a t  c r e a t i o n  

Xm 

H e r e  Mm i s  t h e  l i m i t i n g  mass of t h e  l a r g e s t  a s t e r o i d  p r e s e n t  

and, l / r '  is  t h e  mass of t h e  s m a l l e s t  p r o j e c t i l e  capable  

of c a t a s t r o p h i c a l l y  d i s r u p t i n g  a  t a r g e t  o b j e c t  of u n i t  mass ( c f  D-I). 

3.3  

The e x p l i c i t  mathematical form of E q .  3 , l  has 

been given i n  D - I .  I n  t h e  previous  s e c t i o n  of t h i s  paper ,  w e  

have modif ied  the c rea t ion  by fragmentation term for the 

catastrophic precess. T h u s ,  r e p l a c i n g  that term as q i v e n  i n  

B - I  by E q .  3.  E O  and r ep l ac ing  A by r/X e  (Eq. 3 , 4 a )  i n  D-1's 



e x p r e s s i o n  f o r  p a r t i c l e  c r e a t i o n  by e r o s i v e  collisions, w e  

o b t a i n :  

&d 
The f i r s t  two t e r m s  on t h e  r i g h t  hand s i d e  of t h i s  

e q u a t i o n  a r e  the c o n t r i b u t i o n s  of c a t a s t r o p h i c  p r o c e s s e s  and t h e  

l a s t  two a r e  t h e  c o n t r i b u t i o n s  of  t h e  e r o s i v e  c o l l i s i o n s .  The 

f i r s t  t e r m  on t h e  r i g h t  hand s ide  of  E q .  3 . 1 1  i s  t h e  r a t e  per 

u n i t  volume a t  which o b j e c t s  i n  t h e  mass range  m t o  m + dm a r e  

des t royed  by ca tas t rophic  c o l l i s i o n s  and t h e  second t e r m  is 

"Le rate per  u n i t  volume at whish objects i n  this mass range are 



c r e a t e d  by t h e  f r a g m e n t a t i o n  of  c o l l i d i n g  Larger  o h ~ e c t s ,  

The t h i r d  te rm,  on t h e  r i g h t  hand s i d e  of E q .  3 .11 ,  

i s  t h e  r a t e  p e r  u n i t  volume a t  which t h e  number of o b j e c t s  i n  

t h e  r e l e v a n t  mass range  i s  changing because  t h e i r  mass changes 

i n  t ime a s  a  r e s u l t  of e r o s i v e  c o l l i s i o n s .  

The r a t e  of  m a s s  change,  dm/dt, of  an o b j e c t  because  

of e r o s i o n  i s  (D-I) , 

Here r i s  t h e  mass c r a t e r e d  o u t  by an e r o s i v e  p a r t i c l e  of u n i t  

mass and r '  i s  t h e  l a r g e s t  mass c a t a s t r o p h i c a l l y  fragmented by 

a  p r o j e c t i l e  of u n i t  mass; p i s  t h e  mass of  t h e  s m a l l e s t  p a r t i c l e  

p r e s e n t .  

The l a s t  te rm on t h e  r i g h t  hand s i d e  of  E q .  3 .11  

i s  t h e  r a t e  a t  which o b j e c t s  a r e  c r e a t e d  i n  t h e  r e l e v a n t  m a s s  

r ange  by e r o s i v e  c o l l i s i o n s .  

w e  now d e r i v e  a  s i m p l e r  form of E q .  3 .11,  v a l i d  f o r  l a r g e  

masses.  I t  can  r e a d i l y  be  shown t h a t  a s  t h e  v a l u e  of t h e  mass m 

approaches  ( r / r l )  (M, /x , ) ,  p a r t i c l e  c r e a t i o n  by e r o s i v e  c o l l i s i o n s  

c e a s e s .  This  happens because  t h e  l a r g e s t  e r o s i v e  p r o j e c t i l e ,  M , / T ' ~  

c r a t e r s  o u t  of  M, a  t o t a l  mass of r M m / r i ,  and t h e  L a r g e s t  i n d i v i d u a l  

oh j e c t  s o  formed is i T / I '  ' ) ( P i i c o / X e )  , accord ing  t o  Eq, 3-4, 

Furthermore, when rn approaches Me,/X,  t h e  eredtion 

t e r n  due t o  c a t a s t r o p h i c  f r a g m e n t a t i o n  v a n i s h e s :  no creation 

mechanism by c a t a s t r o p h i c  c o l 1 i s i o n s  i s  p o s s i b l e  f o r  masses 



g r e a t e r  t h a n  t h e  P a r s e s t  f r a g m e n t  produced when M m  is disrupted 

c a t a s t r o p h i c a l l y .  

W e  now assume,  f o r  t h e  moment, t h a t  

The s i g n i f i c a n c e  o f  t h i s  a s sumpt ion  w i l l  b e  c o n s i d e r e d  l a t e r  

and it w i l l  b e  found  s a t i s f i e d  i n  t h e  c a s e s  o f  i n t e r e s t  i n  t h i s  

s t u d y  . 
Then, w e  c a n  w r i t e ,  f o r  rn & M,/X, 

T h i s  i s  t h e  c o l l i s i o n  e q u a t i o n  f o r  masses  n e a r  t h e  l i m i t i n g  

v a l u e  M m ;  it o n l y  c o n t a i n s  t h e  c o n t r i b u t i o n  of  e r o s i v e  mass 

r e d u c t i o n  and o f  c a t a s t r o p h i c  c o l l i s i o n s .  

4 . 0  STEADY STATE SOLUTION FOR SMALL MASSES 

4 . 1  S t e a d y  S t a t e  S o l u t i o n  

The g e n e r a l  s o l u t i o n  of  t h e  c o l l i s i o n  e q u a t i o n  

( E q .  3 .11  and 1 4 )  i s  d i f f i c u l t  t o  o b t a i n .  W e  s h a l l ,  t h e r e f o r e ,  

s o l v e  i t  f o r  a n  i m p o r t a n t  s p e c i a l  c a s e .  W e  s h a l l  show t h a t  a  s t e a d y  

s t a t e  s o l u t i o n  e x i s t s  and i s  u n i q u e ;  t h i s  s o l u t i o n  i s  i d e n t i c a l  

w i t h  t h e  result of D ( 1 ) .  

In the absence of a source to replenish the l a rges t  

a s t e r o i d s  (Eq, 3.14) the number of objects i n  ail f i n i t e  m a s s  

r a n g e s  w i l l  g o  e v e n t u a l l y  t o  z e r o ,  



Also,  according t o  Eq.  3.11 and 1 4 ,  it fol lows 

from E q .  4 . 1  t h a t  

l i m  a f ( m , t )  = 
a t  m > 0, 

t a m  

Thus, t h e  t i m e  r a t e  of change i n  t h e  p a r t i c l e  number d e n s i t y  

goes smoothly t o  zero a s  t-, i n d i c a t i n g  t h a t  no co l l apses  

o r  o t h e r  d i s c o n t i n u i t i e s  occur  a s  t-. 

We a l s o  no te  t h a t  E q .  4 . 1  imp l i e s  4 . 2  f o r  a l l  

masses b u t  v i c e  v e r s a  E q .  4 . 2  does no t  imply E q .  4 . 1  f o r  

masses smal le r  than FIm/A. Indeed,  i f  t h e  t ime d e r i v a t i v e  

a f  ( m ,  t)  / a t  goes t o  zero much f a s t e r  than  f  ( m , t )  f o r  smal l  

masses, t h e  s o l u t i o n  of t h e  homogeneous equa t ion  (obta ined 

by l e t t i n g  a f / a t  = 0 i n  equa t ion  3.11) g ives  a  f i r s t  

approximation t o  t h e  s o l u t i o n  a s  t + m .  The s i g n i f i c a n c e  of 

t h i s  approximate s o l u t i o n  becomes c l e a r e r  i f  we no te  t h a t  t h e  

cond i t i on  

l i m  a f ( m , t )  = 
t + m  a t  

means t h a t  a  cons t an t  T e x i s t s ,  such t h a t  

f o r  s u f f i c i e n t l y  l a r g e  t ,  Whence i f  Eq .  4 . 3  i s  s a t i s f i e d ,  

t h e  homogeneous e q u a t i o n  ob ta ined  from E q .  3.11 by E e t t i n q  

a f  (m, tj /at = 6 is a reasonable f i r s t  approximation as t + m .  



4.2 Series S o l u t i o n  f o r  Small Masses 

Assuming t h a t  E q .  4 . 3  i s  s a t i s f i e d ,  we o b t a i n  a f i r s t  

approximation f o r  t h e  number d e n s i t y  of p a r t i c l e s ,  by s o l v i n g  

t h e  homogeneous ve r s ion  of Eq. 3.11 r e s u l t i n g  from s e t t i n g  

a f ( m , t ) / a t  equa l  t o  zero.  I t  then  fol lows t h a t  t h e  va r ious  

c o l l i s i o n a l  p rocesses  balance,  i . e . ,  t h e  r a t e  of removing 

o b j e c t s  by c o l l i s i o n s  from a g iven  mass range equa l s  t h e  r a t e  

of supply ing  o b j e c t s  i n t o  t h i s  mass range by t h e  c o l l i s i o n a l  

f ragmentat ion of l a r g e r  o b j e c t s .  I t  i s  c l e a r  t h a t  such a  

s teady  s t a t e  s i t u a t i o n  can be a t t a i n e d  even i n  an approximate 

way only f o r  masses much sma l l e r  than M m / h ,  because i n  t h e  

range of l a r g e r  masses, from Mm/X t o  M m ,  no f r e s h  o b j e c t s  a r e  

c r e a t e d  by f ragmentat ion and a l l  c o l l i s i o n s  decrease  t h e  number 

of o b j e c t s  i n  t h i s  mass range.  However, f o r  mathematical 

convenience we s h a l l  approximate t h e  s ta tement  m < <  Mm/X by 

t h e  mathematically s t r o n g e r  s t a t emen t ,  

Mm + ( 4 . 4 )  

I n  o rde r  f o r  Eq .  3.11 t o  be v a l i d ,  it i s  a l s o  necessary  

t h a t  m > >  r'p. For m 6 r'p a l l  c o l l i s i o n s  a r e  c a t a s t r o p h i c  i n  

t h e  framework of t h e  p r e s e n t  model and t h e  i n f luence  of 

e ros ion  on our  model i s  expressed by a  d i f f e r e n t  mathematical  

relation. W e  s h a l l  t ake ,  t h e r e f o r e ,  t h e  mathematically s t r o n g e r  

statement, 



A f t e r  d i s c u s s i n g  t h e  s o l u t i o n  f o r  t h e  u n l i m i t e d  

p o p u l a t i o n  c h a r a c t e r i z e d  by Eq. 4 . 4  and 4 . 5 ,  w e  s h a l l  r e l a x  

Eq. 4 . 4  and d i s c u s s  i n  t h e  n e x t  s e c t i o n  t h e  i n f l u e n c e  of  a  

f i n i t e  l i m i t i n g  mass Ma on t h e  d i s t r i b u t i o n .  

S i n c e  power law f u n c t i o n s  s u c c e s s f u l l y  approximate  

t h e  d i s t r i b u t i o n  of  i n t e r p l a n e t a r y  p a r t i c l e s  o v e r  v a r i o u s  m a s s  

r a n g e s ,  a  t r i a l  s o l u t i o n  o f  t h e  form, 

f ( m )  = ~ m - '  

was a t t empted  i n  D-I. I t  was found t h a t  w i t h  a  % 11/6, Eq. 4 . 6  - 
s o l v e s  t h e  homogeneous p a r t  of Eq. 3.11 f o r  t h e  u n l i m i t e d  

d i s t r i b u t i o n ,  Eq. 4 . 4  and 4 . 5 .  

I n  an  e f f o r t  t o  examine t h e  uniqueness  of  t h e  s o l u t i o n  

E q .  4 . 6  and t o  f i n d  a l t e r n a t e  s o l u t i o n s  if t h e y  e x i s t ,  w e  u s e  

h e r e  a s y s t e m a t i c  method f o r  s o l v i n g  t h e  homogeneous p a r t  o f  

E q .  3 .11 w i t h  t h e  c o n d i t i o n s  Eq. 4 . 4  and 4 . 5 .  

W e  l e t ,  
00 

where f ( m )  i s  p o s i t i v e  d e f i n i t e  f o r  0 - < m - < and where t h e  

complex numbers a  and 6 dependent  on j, a r e  t o  b e  de te rmined  
j j ' 

from t h e  boundary c o n d i t i o n s  of  t h e  problem. A p r i o r i ,  t h e  

series i n  E q ,  4 . 7  may be  an  i n f i n i t e  series o r  a polynomial ,  

depending on whether  t h e  numbers j form an i n f i n i t e  o r  a f i n i t e  

sequence ,  



W e  s u b s t i t u t e  E q .  4 . 7  i n t o  t h e  homogeneous p a r t  of 

Eq .  3 .11  and, under  t h e  boundary c o n d i t i o n s  Eq. 4 . 4  and 5 w e  

o b t a i n  an e x p l i c i t  e q u a t i o n  f o r  t h e  c o e f f i c i e n t s  a  and exponen t s  
j 

6 i n  E q .  4.7. D e t a i l e d  d e r i v a t i o n  o f  t h e  r e s u l t i n g  e q u a t i o n  
j 

i s  g i v e n  i n  Appendix A ;  t h i s  e q u a t i o n  h a s  t h e  form, 

where 

and where t h e  q u a n t i t i e s  i n s i d e  t h e  s q u a r e  b r a c k e t s  a r e  d e f i n e d  

by E q s .  A-3,  6 ,  10 ,  and 1 3  o f  Appendix A .  

W e  l e t  

6 = 6 ' j + a  
j 

where a  i s  some c o n s t a n t .  

Equa t ing  t h e  c o e f f i c i e n t s  o f  l i k e  powers of  m i n  

E q .  4 . 8  t o  zero g i v e s  

n 

The t e r m  d e f i n e d  by n  = 0  g i v e s  a n  i n d i c i a 1  e q u a t i o n ,  



where on ly  t h e  beading terms have been r e t a i n e d ,  a s  d i s c u s s e d  

i n  Appendix A .  The c o n d i t i o n s  

( A 4 )  R ( d t )  > 5/3 

(A8) R ( 6 .  + B e )  > T-I + 5 / 3  
3 

(A15) R ( E p )  < 2  

5  and t h e  f a c t  t h a t  I" i s  a  l a r g e  number (of t h e  o r d e r  o f  l o 4  - 10 ) 

have a l s o  been used t o  o b t a i n  Eq.  4.12. The e x p r e s s i o n s  i n s i d e  

t h e  b r a c k e t s  i n  Eq. 4.12 a r e  t h e  r e s p e c t i v e  c o n t r i b u t i o n s  o f  

c a t a s t r o p h i c  c o l l i s i o n s ,  c a t a s t r o p h i c  c r e a t i o n ,  e r o s i v e  c r e a t i o n  

and e r o s i o n .  The l a t t e r  two e x p r e s s i o n s  a r e  s m a l l  because  

r < <  r '  and have o n l y  been i n c l u d e d  f o r  t h e  s a k e  o f  comple teness .  

The remarkable  p r o p e r t y  of  Eq. 4.12 i s  t h a t  it h a s  

t h e  n o n - t r i v i a l  s o l u t i o n ,  

a = 11/6 ( 4 . 1 3 )  

f o r  which t h e  c a t a s t r o p h i c  and e r o s i v e  p r o c e s s e s  b a l a n c e  

i n d i v i d u a l l y  i . e . ,  t h e  sum of  t h e  f i r s t  two terms a s  w e l l  

a s  t h e  sum o f  t h e  l a s t  two t e r m s  i n d i v i d u a l l y  e q u a l s  z e r o .  

I t  was shown i n  D-I t h a t  i f  t h e  n e g l e c t e d  t e r m s  

a r e  i n c l u d e d  i n  Eq. 4.12,  t h e  r e s u l t  i s  on ly  a  s m a l l  p e r t u r b a t i o n  

on a .  The s o l u t i o n  t o  t h e  l e a d i n g  t e r m s  of  t h e  i n d i c i a l  e q u a t i o n  

Eq. 4.13, a s  w e l l  a s  t h e  cor respond ing  s o l u t i o n  t o  t h e  comple te  

i n d i c i a l  e q u a t i o n  were shown i n  D-I t o  be  t h e  one and o n l y  

s o l u t i o n  for r e a l  v a l u e s  of a t h a t  s a t i s f y  t h e  c o n d i t i o n s  Eq .  A - 4 ,  

8 ,  and 15, 



W e  s h a l l  p r e s e n t l y  show t h a t  t h e  r e a l  p a r t  of 6 '  in 
j 

E q .  4 . 1 8  must b e  ze ro .  Bbvious ly ,  t h e  expansion of f ( m ) ,  Eq .  4 . 4  

i s  e i t h e r  t h e  sum of  a n  i n f i n i t e  o r  a  f i n i t e  number of  t e r m s .  

I f  it i s  an i n f i n i t e  series, t h e n  accord ing  t o  Eq. 4.10, t h e  

c o n d i t i o n  Eq. A - 1 5  w i l l  b e  v i o l a t e d  f o r  s u f f i c i e n t l y  l a r g e  

v a l u e s  of j .  I t  t h e r e f o r e  f o l l o w s  t h a t  t h e  power series, 

E q .  4 . 9  and Eq. 4.10 must b e  a  f i n i t e  polynomial .  I f ,  however, 

- t i t j a  
f ( m )  i s  a polynomial  i n  m , t h e n  f o r  m a 0 o r  f o r  m + 

some term i n  t h e  polynomial  o t h e r  t h a n  m-a w i l l  dominate and 

w e  have,  

f (m)  + c o n s t a n t  m 
- 6  ' )-a 

I n  view, however, o f  t h e  uniqueness  o f  a  ( o r  t h e  cor respond ing  

s o l u t i o n  of  t h e  complete e q u a t i o n )  Eq. 4.14 cannot  b e  s a t i s f i e d  

f o r  r e a l  6 ' .  

I f  6 '  i s  complex, s a y  

where i = E, Eq. 4 . 1 4  becomes 

f  ( m )  +- c o n s t a n t  msxj'" ( c o s  (y . l n  [m] + 
3 (4 .16)  

+ i s i n ( y . l n [ m ] ) )  
3 

which e x p r e s s i o n  i s  n o t  p o s i t i v e  d e f i n i t e  and i s  t h e r e f o r e  n o t  

a p h y s i c a l l y  a d m i s s i b l e  s o l u t i o n .  I t  t h e r e f o r e  f o l l o w s  t h a t  

5 '  must b e  z e r o  an6 t h e  exponent  ci must be r e a l ,  



We conclude  t h a t  

w i t h  r e a l  a, and a i s  t h e  o n l y  p h y s i c a l l y  a d m i s s i b l e  s o l u t i o n  

t h a t  can b e  expanded i n t o  a  Tay lo r  series i n  m. The pa ramete r  

a i s  approximate ly  11/6 and can b e  o b t a i n e d  more p r e c i s e l y  by 

numer ica l ly  s o l v i n g  Eq. 4 . 1 1  w i t h  n  = 0 .  

5 . 0  SOLUTION FOR LARGE MASSES 

5 . 1  Asymptot ic  Form of t h e  C o l l i s i o n  Equa t ion  f o r  Large Masses 

I n  t h e  p r e c e d i n g  s e c t i o n s ,  w e  o b t a i n e d  a  s t e a d y - s t a t e  

s o l u t i o n  f o r  t h e  c o l l i s i o n  e q u a t i o n  ( E q .  3 . 1 1 ) ,  f o r  s m a l l  

masses m < <  Ma. W e  s h a l l :  i n  t h i s  s e c t i o n  examine t h e  

i n f l u e n c e  o f  a  f i n i t e  l i m i t i n g  mass Ma on t h i s  s o l u t i o n .  

W e  do s o  by o b t a i n i n g  a n  approximate  s o l u t i o n  v a l i d  f o r  s m a l l  

masses ( m  < <  Ma) a s  w e l l  a s  l a r g e  ones (m IL M c o ) .  

W e  n o t e  a g a i n  t h a t  t h e  c h i e f  d i f f e r e n c e  between t h e  

number d e n s i t y  of  s m a l l  masses and l a r g e  ones  i s  t h a t  f o r  l a r g e  

enough masses t h e  c r e a t i o n  by f r a g m e n t a t i o n  p r o c e s s e s  i s  no 

l o n g e r  s u f f i c i e n t  t o  r e p l e n i s h  t h e  o b j e c t s  removed from a  g i v e n  

mass range  by c o l l i s i o n s  and a  n e t  change i n  t h e  p a r t i c l e  

p o p u l a t i o n  r e s u l t s .  I t  i s  t h e r e f o r e  c l e a r  t h a t ,  a s  m + Ma, 

t h e  t ime d e r i v a t i v e  of  t h e  number d e n s i t y  a f ( m , t ) / a t  can no 

l o n g e r  b e  assumed n e g l i b l e  i n  comparison w i t h  t h e  c o l l i s i o n  t e r m s .  

I t  t h u s  becomes n e c e s s a r y  t o  s o l v e  t h e  complete t i m e  dependent  

e q u a t i o n ,  That t a s k  i s ,  however, d i f f i c u l t  and w e  s h a l l  der ive  

a n  approximate f o r m  f o r  t h e  t i m e  dependent  e q u a t i o n  that can 

r e a d i l y  be s o l v e d  f o r  t h e  n er d e n s i t y  f u n c t i o n  f ( m , t ) .  



w i t h  

We first note that a rimer density of the form 

f i t s  remarkably w e l l  t h e  obse rva t iona l  d a t a  of l a r g e  a s t e r o i d s  

F i g .  1 I t  has been shown i n  D-I t h a t  f o r  such a d i s t r i b u t i o n ,  

t h e  e r o s i v e  c o n t r i b u t i o n  t o  t h e  c o l l i s i o n  equa t ion  i s  smal l  i n  

comparison wi th  t h e  c o n t r i b u t i o n  of c a t a s t r o p h i c  c o l l i s i o n s .  

We s h a l l ,  t h e r e f o r e ,  d i s r e g a r d  t h e  c o n t r i b u t i o n  of e ros ion  t o  

t h e  evo lu t ion  of t h e  popula t ion  of l a r g e  a s t e r o i d s .  I t  has  

a l s o  been shown i n  D - I  t h a t  f o r  a popula t ion  of t h e  form 

E q .  5 .1  and 5.2  t h e  dominant c o n t r i b u t i o n  t o  a f ( m , t ) / a t  a r i s e s  

from c o l l i s i o n s  wi th  much sma l l e r  o b j e c t s  provided t h a t  ( ) > >  1. 

Since r '  i s  of t h e  o r d e r  of l o 4  t o  l o 5  and a = 11/6, we see 

t h a t  t h i s  i n e q u a l i t y  i s  s a t i s f i e d .  

Using t h e s e  cons ide ra t ions ,  w e  o b t a i n  t h e  approximate 

l i n e a r  equa t ion  

a f  ( m , t )  -Km 2/3 f ( m , t )  A M-a  PI 
a t  
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f o r  

and where t h e  c o n t r i b u t i o n  of masses i n  t h e  range M ~ / X  t o  

Mm has  been neg lec ted  from t h e  c r e a t i o n  term. 

The upper bound, Eq. 5.4, on t h e  range of v a l i d i t y  

of Eq. 5.3 fo l lows  because t h e  l a r g e s t  mass t h a t  can be 

2 c r e a t e d  by t h e  d i s r u p t i o n  of Mw/X i s  Mw/A . The f ragmenta t ion  

2 term i n  Eq. 5 . 3  t h e r e f o r e  van ishes  f o r  masses m > M,/A . 
The f i r s t  term on t h e  r i g h t  hand s i d e  of  Eq. 5 .3  i s  

t h e  r a t e  a t  which f ( m , t )  changes wi th  time because of  c o l l i s i o n s  

wi th  p o i n t  o b j e c t s  capable  of d i s r u p t i n g  o b j e c t s  wi th  masses 

i n  t h e  range m t o  m + dm. Correc t ions  t o  Eq. 5 .3  because o f -  

t h e  f i n i t e  s i z e  of t h e  p r o j e c t i l e  masses a r e  q u i t e  smal l  f o r  t h e  

d i s t r i b u t i o n s  we s h a l l  cons ider ;  w e  approximate t h e  number d e n s i t y  

of p r o j e c t i l e s  by ~ m - @  with a ob ta ined  from a s teady  s t a t e  

s o l u t i o n  of masses f a r  away from M,. 

The second term on t h e  r i g h t  hand s i d e  of Eq. 5 .3  i s  

t h e  r a t e  of change of f ( m , t )  because of t h e  c r e a t i o n  of o b j e c t s  

i n t o  t h e  mass range m t o  m + dm. The c r e a t i o n  by c a t a s t r o p h i c  

f ragmentat ion term i s  dominated by t h e  r a t e  a t  which t a r g e t  

o b j e c t s  wi th  number d e n s i t y  f ( m , t )  a r e  c a t a s t r o p h i c a l l y  impacted 

by sma l l e r  p r o j e c t i l e  o b j e c t s  wi th  a  number dens i ty   AM-^. 

C l e a r l y ,  t h i s  c r e a t i o n  term approaches 0 a s  m +- M w / X .  

W e  have neg lec ted  i n  E q ,  5 - 3  t h e  c o n t r i b u t i o n  t o  

t h e  pa r t i c l e  c r e a t i o n  by fragmentation of objects having masses 



g r e a t e r  t h a n  Mm/X.  S i n c e  w e  s h a l l  be  mainly  i n t e r e s t e d  i n  

s o l u t i o n s  of t h e  c o l l i s i o n  e q u a t i o n  f o r  X c l o s e  t o  one ,  t h i s  

approximat ion  is r e a s o n a b l e .  

I t  i s  e a s i l y  s e e n  t h a t  5 .3  can  b e  s o l v e d  by u s i n g  t h e  

method of  t h e  s e p a r a t i o n  of  v a r i a b l e s .  L e t ,  a s  a  ma themat ica l  

d e v i c e ,  

S u b s t i t u t i n g  Eq. 5.5 i n t o  Eq. 5.3  g i v e s ,  a f t e r  

i n t e g r a t i o n  and rea r rangement  of  t e r m s :  

and 

where G i s  t h e  c o n s t a n t  a r i s i n g  from t h e  s e p a r a t i o n  of  v a r i a b l e s  

and t h e  approximat ion  ( f  ) a-1 > >  1 h a s  been used.  The p h y s i c a l  

s i g n i f i c a n c e  o f  C can  b e  r e a d i l y  s e e n  by n o t i n g  t h a t  f o r  

2 
m = Mm/A Eq. 5.7 becomes 

S i n c e  

it fsLPsws that 



i s  an e f f e c t i v e  " c u t - o f f  mass" r a i s e d  t o  t h e  power i n d i c a t e d .  

The q u a n t i t y  C i s  a  s c a l i n g  c r i t e r i o n  and d e t e r m i n e s  whether  

a  c e r t a i n  mass m i s  l a r g e  o r  s m a l l ,  depending on i t s  numer ica l  

v a l u e  r e l a t i v e  t o  C 1 / ( - a  + 5/3) ; i . e . ,  i f  

m -a + 5/3 > >  C 
(5 .11)  

t h e n  m i s  s m a l l  and,  t o  a  good approximat ion ,  Eq. 5.7 r e d u c e s  

t o  4 . 9  w i t h  t h e  e r o s i o n  terms d i s r e g a r d e d .  For  s u f f i c i e n t l y  

s m a l l  masses t h e n ,  t h e  s o l u t i o n  of  E q .  5.7 f o r  f ( m , t )  approaches  

a s y m p t o t i c a l l y  t h e  s o l u t i o n  of Eq. 4.8 ( o r  4 .12) .  

W e  now s o l v e  E q .  5.7 f o r  t h e  s i m p l e  c a s e *  

X = 1. (5 .12)  

W e  now l e t  

4 = W ( m )  - W ( M , ) ;  ( 5 .13)  

u s i n g  Eq. 5.12, 1 3  w e  can e x p r e s s  Eq .  5.7 i n  t h i s  form 

-' + 5 / 3 - ~ )  d+/dm + ( 2 - q ) m  -a + 2 / 3  
(m + ( m )  = 0 .  (5 .14)  

T h i s  i s  r e a d i l y  s o l v e d  f o r  4 ;  t h e  r e s u l t  i s  

m ( m )  = 4, (m -a + 5/3 -C) - (2-~) / ( -a  + 513) (5 .15)  

*The g e n e r a l  s o l u t i o n  w i t h  a r b i t r a r y  X b u t  i n f i n i t e  C has  been 

d i s c u s s e d  e l sewhere  by chu (1970) .  H e  h a s  proven t h e  i n t e r e s t i n g  
* a7  
P 

r e s u l t  t h a t  f o r  L - < X < e 2-n t h e  g e n e r a l  s o l u t i o n  of E q .  5 - 7  

w i t h  C = - is of the form Eq, 4-17 w i t h  a = 9L/6 .  



and u s i n g  E q .  5,s and 5-13, we ge t  

2-n 
p- 

a-5/3) a-5/3 
1 

f (m ,  t)  = m a-11/3 (1-C m f o T ( t )  * 

where 

To o b t a i n  t he  t i m e  dependent func t ion  T ( t )  , w e  

note  t h a t  Eq. 5.16 should approach, 

-a 
f + A m as m/Mm -+ o 

and whence, t h e  normal iza t ion  f a c t o r  A should have t h e  same 

time dependence a s  T ( t ) .  From Eqs. 5.3,  16 and 17 we o b t a i n  

T (t) = A (t) , fo = 1 (5.18) 

and, from Eq.  5.6 we g e t ,  

where A. i s  t h e  va lue  of A ( t )  a t  t i m e  t = 0 and, 

a-1 c t  = CK ( r t )  /(cx-I-)  

i s  cons t an t .  

I t  can be shown (D-I)  t h a t  

where I / T ~  i s  t h e  dominating term of t h e  p r o b a b i l i t y  pe r  u n i t  

t ime f o r  any of t h e  l i m i t i n g  masses Ma t o  undergo a  c a t a s t r o p h i c  

c o l l i s i o n  (cf E q ,  6 4  of  D - I ) ;  a i s  t h e  va lue  of A(t) at t h e  

present tine, S i n c e  T ( t )  i s  a monoton ica l ly  decreasing f u n c t i o n  

of time, i t  is clear (from E q ,  5 - 1 9 ]  that f o r  l o n g  times Eq, 4 , 3  

i s  s a t i s f i e d  and o u r  asymptot ic  f o r m u l a e  are j u s t i f i e d .  



C o l l e c t i n g  t e r m s ,  w e  g e t ,  

where A ( t )  is g i v e n  by Eq. 5.19. 

Using E q .  5.17 and 22  w e  conc lude  t h a t  

- a = a - 11/3 

and hence 

a = 11/6 

i s  t h e  s e l f - c o n s i s t e n t  s o l u t i o n  o f  t h e  problem. 

6.0 DISCUSSION AND CONCLUSIONS 

The main a n a l y t i c a l  r e s u l t  o f  t h i s  paper  i s  t h a t  t h e  

number d e n s i t y  f ( m )  o f  a s t e r o i d s  i s  

1/6 
6 (2-0)  -1 

f ( m )  = Am ( 6 . 1 )  

where w e  have used Eqs. 5.10, 16 ,17 ,and  2 4 .  For  masses t h a t  

a r e  s m a l l  i n  comparison w i t h  Mm t h e  q u a n t i t y  w i t h i n  t h e  c u r l y  

b r a c k e t s  h a s  a  v a l u e  v e r y  c l o s e  t o  one.  E q .  6 . 1  i s  v a l i d  

on ly  i f  a long  p e r i o d  of t i m e  h a s  e l a p s e d  s i n c e  t h e  c r e a t i o n  

of  t h e  a s t e r o i d a l  p o p u l a t i o n ,  t o  t h e  e x t e n t  t h a t  t h e  s p e c i f i c  

form of  the i n i t i a l  d i s t r i b u t i o n  has  been o b l i t e r a t e d  and 

t h e  r e s u l t i n g  d i s t r i b u t i o n  i s  t h e  a s y m p t o t i c  l i m i t  f o r  long  

t i m e s ,  

For masses that a r e  very much smaller t h a n  Ma 

t h e  distribution is a power Law type with exponent - L1/6 

and is independen t  of For Large masses, close to M m ,  the 

distribution is no longer a simple power law type and depends 

on t h e  value of r l ,  



E q .  6,9 has  been der ived  f o r  t h e  cond i t i on  X = P 

(c f  Eqs, 3 . 4 #  5 . 7 ,  and 5 .12) .  This  means t h a t  t h e  l a r g e s t  

p o s s i b l e  fragment i n  c a t a s t r o p h i c  c o l l i s i o n  i s  t h e  t o t a l  

e j e c t e d  mass Me. For smal l  p r o j e c t i l e s ,  t h e  p r o j e c t i l e  mass 

may be neg lec ted  and X = 1 means t h a t  t h e  l a r g e s t  p o s s i b l e  

fragment i s  t h e  mass of  t h e  t a r g e t  o b j e c t  i t s e l f .  

The s i m p l e s t  way t o  compare Eq .  6 .1  w i th  obse rva t ion  

i s  t o  i n t e g r a t e  it and o b t a i n  t h e  cumulative number of a s t e r o i d s  

N ( M )  having a  mass m o r  g r e a t e r .  

The r e s u l t  i s  F igu re  2. This  i s  a  r e p e t i t i o n  of F igure  1 

with  p l o t s  of Eq.  6.2 ( f o r  va r ious  va lues  of TI) superposed. 

A va lue  of 1.86 x l o2 '  Kg(g = 4 )  has been taken f o r  M_ and a  

va lue  is used f o r  A t h a t  b r ings  N ( m )  i n t o  agreement wi th  t h e  

observed cumulative number a t  g  = 9.  

I t  can be seen from t h e  f i g u r e  t h a t  a  f ragmentat ion 

index TI = 11/6 provides  e x c e l l e n t  agreement between theory  

and observa t ion .  The agreement i s  a l s o  good f o r  n = 23/12 

and n = 5 / 3 ;  i n  t h e  former ea se  t h e  observed number of l a r g e  

a s t e r o i d s  i s  somewhat overes t imated and i n  t h e  l a t t e r  ca se  it 

i s  somewhat underes t imated ,  The  curve f o r  TI = 3 / 2  shows that 

t h e  agreement with observation begins  to deter iorate ;  f o r  

t h i s  case the observed nu&er sf large asteroids is substantially 

underestimated, 



Experimental values  for rl have, however, been 

ob ta ined  f o r  o b j e c t s  whose cohes ive  energy was much greater 

than t h a t  of a s t e r o i d s .  S ince  t h e  s u r f a c e  t o  volume r a t i o  

decreases  wi th  t h e  s i z e  of an o b j e c t ,  one might expec t  t h a t  

t h e  r e l a t i v e  number of smal l  fragments i s  g r e a t e r  when a  l a r g e  

o b j e c t  of t h e  o r d e r  of k i lometers  i s  s h a t t e r e d  than  is t h e  

case  when an o b j e c t  of t h e  o r d e r  of cen t imeters  i s  s h a t t e r e d .  

I t  appears  then ,  keeping o t h e r  v a r i a b l e s  f i x e d ,  t h a t  r~ would 

tend  toward a  h ighe r  va lue  f o r  l a r g e  t a r g e t  masses. Considerat ion 

of t h i s  e f f e c t ,  t h e r e f o r e ,  g i v e s  f u r t h e r  suppor t  t o  our  r e s u l t s .  

Using t h e  par t ic les - in -a -box  approach, an  empi r i ca l  

power-law-type comminution law wi th  a  cons t an t  exponent TI 

and s c a l i n g  parameters I', I", X and A1, we have der ived  a 

s t o c h a s t i c  model of a s t e r o i d a l  c o l l i s i o n s .  I t  was shown 

t h a t ,  a f t e r  a  s u f f i c i e n t l y  long t i m e ,  a s t e r o i d s  may reach t h e  

unique s teady  s t a t e  d i s t r i b u t i o n  der ived  i n  t h e  t e x t .  This  

d i s t r i b u t i o n  is  shown t o  be i n  good agreement wi th  obse rva t ion  

by Kuiper e t  a l  ( 1 9 5 8 ) ,  These r e s u l t s  imply then  t h a t  t h e  b e l t  

a s t e r o i d s  of Kuiper e t  a l  (1958)  a r e  i n  s t a t i s t i c a l  equ i l i b r ium 

w i t h  r e s p e c t  t o  t h e  var ious  c o l l i s i o n a l  r a t e  p rocesses  d i scus sed  

i n  t h e  t e x t ,  I t  does no t  appear p o s s i b l e ,  t h e r e f o r e ,  t o  e s t i m a t e  

the age o r  %he i n i t i a l  d i s t r i b u t i o n  of t h e  a s t e r o i d a l  popu la t ion  

from the p r e s e n t  observational data, 

! 
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APPENDIX 

This  appendix d i s c u s s e s  t h e  d e r i v a t i o n  of  E q .  4 .9 i n  

t h e  main t e x t  by s u b s t i t u t i o n  of t h e  series expans ion ,  E q .  4.7 ,  

r e p r e s e n t e d  a s  f o l l o w s ,  

The e x p l i c i t  form of t h e  s e p a r a t e  te rms i s  g iven  i n  t h e  main t e x t ,  

and w e  p r e s e n t  t h e s e  terms now i n  expanded form, s u b j e c t  t o  t h e  

c o n d i t i o n s  Eqs. 4 . 4  and 4 .5 ,  Mm - - and p - 0 .  We t h u s  o b t a i n  

where 

6 -1 6,-4/3 

.L 
= ( r l )  e / ( s t - 1 )  + 2 ( r 1 )  / (ae-4/3)  + (A.  3 )  



B E L L C Q M M ,  INC. 

prov ided  t h a t  

( A .  4 )  

where R d e n o t e s  t h e  r e a l  p a r t .  

ge ( E q .  A.  3 )  i n c l u d e s  t h e  c o n t r i b u t i o n  o f  t h r e e  p r o c e s s e s .  

The f i r s t  t e rm o n  t h e  r i g h t  hand s i d e  of  Eq .  A . 3  i s  t h e  c o n t r i b u -  

t i o n  o f  p r o j e c t i l e s  a b l e  t o  produce  c a t a s t r o p h i c  c o l l i s i o n s ,  

t r e a t e d  as g e o m e t r i c a l  p o i n t s .  The second t e r m ,  on t h e  r i g h t  hand 

s i d e  o f  E q .  A . 3 ,  i s  t h e  c o n t r i b u t i o n  o f  g r a z i n g  c o l l i s i o n s  d e f i n e d  

a s  c o l l i s i o n s  i n  which t h e  t a r g e t  o b j e c t  m would be missed i f  t h e  

p r o j e c t i l e  were a  p o i n t  p a r t i c l e .  These g r a z i n g  c o l l i s i o n s  g i v e  

r ise t o  t h e  second t e r m  i n  E q .  A . 3  t h a t  depends on t h e  p r o d u c t  o f  

t h e  r a d i i  o f  t h e  c o l l i d i n g  o b j e c t s  (second t e r m  on t h e  r i g h t  hand 

s i d e  of  E q .  A. 3 )  . The l a s t  t e r m  ( E q .  A.  3 )  r e p r e s e n t s  c a t a s t r o p h i c  

c o l l i s i o n s  where f i n i t e  s i z e d  p r o j e c t i l e s  a r e  impac t ing  p o i n t  

p a r t i c l e  t a r g e t s ,  m. 

I f  6 [  = 5 / 3 ,  t h e  r i g h t  hand s i d e  of Eq .  A . 3  can b e  shown 

t o  d i v e r g e  a s  l n  Ma; f o r  6 < 5/3 ,  t h e  d ive rgence  i s  even s t r o n g e r  
- 6  + 5/3 1 

( l . lm  
L . This  b e h a v i o r  i n d i c a t e s ,  t h a t  te rms w i t h  

6 [  .5 5/3 a r e  dominated by masses n e a r  t h e  l i m i t i n g  mass o f  t h e  

d i s t r i b u t i o n  M,. S ince  t h e s e  l a r g e  masses do n o t  have a  s t e a d y  

state distribution, i t  follows t h a t  i f  t h e y  dominate t h e  c o l l i -  

sisnal processes f o r  smaller objects, the distribution of the 

latter will also be t r a n s i e n t ,  T h e  c o n d i t i o n  Ey. A,$ is therefore  

n e c e s s a r y  a 



w h e r e  

N e x t ,  u s i n g  E q s .  3 . 1 1 ,  4 . 4  a n d  4 . 7 ,  w e  o b t a i n  

w i t h  

a n d  p r o v i d e d  that 

(A. 8)  

w h e r e  R d e n o t e s  t h e  r e a l  p a r t .  

W e  n o t e  t h a t  QL i s  n o n - s i n g u l a r  b e c a u s e  e a c h  of i t s  

terms c o n v e r g e s  t o  En (TY a s  i t s  d e n o m i n a t o r  g o e s  t o  z e r o .  S i n c e  

5 
. 1s of the order of lo4 - 10 a n d  by Eq. A.4 .  

& Y  ;. 5/3, the 



f i r s t  term i n  QL i s  dominant .  The f a c t o r s  i n  Eq. A . 5  m u l t i p l i e d  

by t h e  f i r s t  t e rm i n  Q C ,  r e p r e s e n t  t h e  r a t e  of  supp ly  i n t o  t h e  

mass range  m t o  m + dm by f r a g m e n t a t i o n  of t a r g e t  o b j e c t s  w i t n  

mass ' m  o r  g r e a t e r ,  by p r o j e c t i l e s  of  mass Xm/r' o r  g r e a t e r ,  

t r e a t e d  a s  p o i n t  masses,  and n o t  c o n t r i b u t i n g  t o  t h e  t o t a l  mass 

of f r agments .  The o t h e r  t e r m s  i n  Ql a r e  s m a l l e r  c o r r e c t i o n s  due 

t o  g r a z i n g  c o l l i s i o n s  and f i n i t e  p r o j e c t i l e  mass. 

The c o n d i t i o n  E q .  A.8 i s  n e c e s s a r y  because  E q .  A.5 

d i v e r g e s  f o r  6 + 6l 5 rl + 5/3 f o r  M, -+ I f  r~ were g r e a t e r  t h a n  
j 

p e r m i t t e d  by E q .  A.8, an e x c e s s i v e  amount of  s m a l l  d e b r i s  would 

be c r e a t e d ,  and i n  any f i n i t e  mass range  t h e  p o p u l a t i o n  c o u l d  n o t  

be r e p l e n i s h e d  a t  t h e  r e q u i r e d  r a t e  t o  s u s t a i n  a  s t e a d y  s t a t e .  

The n e x t  te rm i n  E q .  A . l  i s  

and 

( A .  1 0 )  

where 

and where t h e  boundary c o n d i t i o n s  Eqs. A . 4  and A - 8  a r e  assumed 

s a t i s f i e d .  



Because of E q .  A .  4, the first term on the right hand 

s i d e  of  Eq .  A . l l  dominates .  T h i s  i s  t h e  c o n t r i b u t i o n  t o  t h e  

c r e a t i o n  r a t e  o f  o b j e c t s  i n  t h e  mass range  m t o  m + dm by p o i n t  

p a r t i c l e  p r o j e c t i l e s  hav ing  masses x e m / r  o r  g r e a t e r  e r o s i v e l y  

imgac t ing  f i n i t e  s i z e d  t a r g e t s  hav ing  masses o f  r l h e m / r  o r  

g r e a t e r .  The remaining two terms of  P ( E q .  A .  11) a r e  s m a l l  e 
c o r r e c t i o n s  due t o  g r a z i n g  c o l l i s i o n s .  

F i n a l l y ,  

(A.  1 2 )  

where 

(A.  1 3 )  

and where 

and p rov ided  t h a t  

~ ( 6 ~ )  < 2 

where R represents the real part of the succeeding expression, 

(A.  1 4 )  

(A, 1 5 )  



The dominant t e r n  i n  V l -. "the s f i r s t  one on t h e  right 

hand s i d e  o f  E q .  A . 1 4 .  T h i s  i s  t h e  c o n t r i b u t i o n  of  p o i n t  pro-  

j e c t i l e s  w i t h  masses m / r '  o r  s m a l l e r ,  e r o s i v e l y  kmpacting f i n i t e  

t a r g e t  o b j e c t s  i n  t h e  mass range  m t o  m + dm, the reby  r e d u c i n g  

t h e  number of  o b j e c t s  i n  t h i s  mass range .  The o t h e r  two t e rms  

d e f i n i n g  V ( E q .  A .  1 4 )  a r e  s m a l l  c o r r e c t i o n s  due t o  t h e  s m a l l  
1 

b u t  f i n i t e  s i z e  of t h e  s m a l l  p r o j e c t i l e s .  

I f  t h e  c o n d i t i o n  E q .  A.15 i s  v i o l a t e d ,  E q .  A . 1 2  can b e  

shorn  t o  d i v e r g e  when p -+ o  and no s e r i e s  s o l u t i o n  f o r  a  s t e a d y -  

s t a t e  d i s t r i b u t i o n  f a r  away from t h e  l i m i t  v e x i s t s .  P h y s i c a l l y ,  

t h i s  means t h a t  e r o s i o n  by s m a l l  p a r t i c l e s  w i l l  dominate o v e r  

o t h e r  p r o c e s s e s  g i v i n g  r i s e  t o  a  t r a n s i e n t  d i s t r i b u t i o n .  
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